Abstract. The minimal composition length, c, of a solvable group with solvable length d satisfies 9
Introduction
Let c(G) and d(G) denote the composition length and solvable (or derived length) of a finite and solvable G. All groups in this paper are finite and solvable unless otherwise stated. If |G| = p 1 · · · p r where the p i are primes, then G has a composition factor of order p i for i = 1, . . . , r and c(G) = r. The derived series for G is defined recursively: G 
be defined similarly except that G ranges over nilpotent (resp. solvable) groups of odd order. Section 2 is devoted to a proof of the result in the abstract.
A simple way to construct groups with large solvable length is via permutational wreath products. Let S m denote the symmetric group of degree m. The group S m wr S n can be viewed as an imprimitive subgroup of S mn . (We shall not view S m wr S n as a subgroup of S m n with product action.) If H S m and K S n are both transitive, then H wr K S mn is transitive and [10, Corollary 1] . The wreath product G r = S 2 wr · · · wr S 2 with r copies of S 2 has d(G r ) = r and c(G r ) = 2 r − 1. P. Hall [6, Satz III.2.12] showed that G (i)
). The following bounds hold for d 1:
In Section 3 some general remarks concerning the sharpening bounds for c N (d) and c S (d) are made, and the difficulty of constructing groups with solvable length d and minimal composition length is considered.
Solvable groups
Given a solvable group with solvable length d and minimal composition length c, we bound d in terms of c, and c in terms of d. Theorem 1. Denote by c (resp. c 0 ) the minimal composition length of a solvable group (resp. odd-order group) with solvable length d >0. Then (a) γ log 2 c − 2 3
< d < (γ + 1) log 2 c + 3 where γ = 5 log 9 2 ≈ 1.58, (b) log 2 c 0 < d < (γ 0 + 1) log 2 c 0 + 2 where γ 0 = 2 log 7 2 ≈ 0.71. 
As N is characteristically simple, it is an elementary abelian p-group for some prime p. Let P be the maximal normal p-subgroup of G. Then P = 1, and G has no normal subgroups with order coprime to p. By a theorem of Hall and Higman [6, Hilfssatz VI.6.5] G/P acts faithfully and completely reducibly on the vector space P/Φ(P ). We shall view P/Φ(P ) as an r-dimensional vector space over the field F p with p elements. As
where γ = 5 log 9 2. Since
we see that c = c(G/P ) + r + s and s c − r. Therefore
Using calculus, the maximum of γ log 2 (r/8) + log 2 (c − r) + 10, with 0 < r < c, occurs when r = γc/(γ + 1). Thus d (γ + 1) log 2 c + δ where
This establishes the upper bound for (a). The lower bound for (a) is obtained by constructing five families of transitive permutation groups G n S n . Our exposition is influenced by [10] . Let G 9 denote the maximal solvable primitive permutation subgroup GL(2, 3) ⋉ 3 2 S 9 , and set G 8 = GL(2, 3) S 8 . Let m = 9 r , and define G m S m to be G 9 wr · · · wr G 9 with r copies of G 9 . Set
, and 5 log 9 c S (5r) − 2/3 < 5 log 9 (7m/8) − 2/3 < 5r because log 9 m = r and 5 log 9 (7/8) − 2/3 ≈ −0.97. Similar calculations are summarized below. In each case c(G n ) equals (k n m − 7)/8 for some k n ∈ Z, and we abbreviate 5 log 9 (k n /8) − 2/3 by x n .
In all five cases 5 log 9 c( < d than log 2 c 0 < d. We define as in [11] transitive subgroups H n S n of degree m = 7 r , and 3m. Set H m = H 7 wr · · · wr H 7 where there are r copies of H 7 and H 7 = (2, 3, 5)(4, 6, 7), (1, 2, 3, 4, 5, 6, 7)
and set H 3m = A 3 wr H m where A 3 has order 3 and degree 3. The bound γ 0 log 2 c
It follows from γ log 2 c − 
Examples
The bounds for c N (d) given in the introduction can be improved. P. Hall [6, Satz III.7.10] proved 2
No such bound exists for solvable groups. We give an example below of an infinite residually solvable group G for which c(G (2i−1) /G (2i) ) = 1 for i 1. Let Q denote the quaternion group of order 8, and E the extraspecial group of order 27 and exponent 3. Denote by Q n (resp. E n ) the central product of n copies of Q (resp. E) amalgamating the centers. Then |Q n | = 2 2n+1 and |E n | = 3 2n+1 . When n = 0 the groups Q 0 and E 0 are cyclic of order 2 and 3 respectively, and when n > 0 both Q n and E n are extraspecial groups. In [5, Section 7] an iterated split extension
is constructed where a 0 = b 0 = 0 and a n = 3 b n−1 , b n = 2 −1+an for n 1. The orders of the derived quotients
has minimal composition length amongst all solvable groups of solvable length d, see [3] . This is surprising given that c(G/G 
It is shown in [1] that β p (4) = 14 for p 5, and in [2] 
The best known bounds for c N (d) are presently
The upper bound holds when d 3, and the lower bound [13] which holds for p 5 improves the bound of Mann [8] 1/5 < k < 9 1/5 . Mann [9] investigates subgroups of S n that have maximal order. These subgroups which are wreath (and direct) products of S 2 , S 3 and S 4 , do not improve the bound 
). These bounds are less sharp because
In the proof of Theorem 1(a), certain groups G n were used to establish an upper bound for c S (d). It is natural to ask whether proper subgroups K n of G n can produce sharper upper bounds which narrow the gap in Theorem 1(a). The permutation representation S 9 → GL(9, F 2 ) fixes the 8-dimensional subspace {(x 1 , . . . , x 9 ) | x 1 + · · · + x 9 = 0}. This observation may be used to construct a subgroup K 18 of G 18 = S 2 wr G 9 of index 2 satisfying d(G 18 ) = d(K 18 ). We define subgroups K 2m G 2m where m = 9
and we obtain the same bound c S (d) = O(9 d/5 ) as before. It is unclear whether or not the gap
can be closed appreciably by examples. The group U n of n×n unipotent upper-triangular matrices over F p has c(U n ) = n(n − 1)/2 and d(U n ) = ⌊log 2 (n − 1)⌋ + 1. Although U n is generated by n − 1 elements, it has subgroups with 2 or 3 generators and maximal solvable length [4] . Estimating the order of these subgroups appears difficult.
The wreath product S 2 wr · · · wr S 2 , with d copies of the symmetric group S 2 , gave rise to the bound c N (d) 
